This work presents research results on a novel analytical model of electromagnetic system coupling through small size holes. The key problem regarding the coupling of two cavities through an aperture in separating screen of finite thickness without making assumption on smallness of any parameters is considered. We are the first to calculate on the base of rigorous electromagnetic approach the coupling coefficients of the cylindrical cavities within the limit of small aperture and infinitely thin separating screen. The numeric results of electromagnetic characteristic dependencies that have been impossible to perform on the base of previous models are given.
Introduction
The problem of electromagnetic coupling has been in the focus of scientific attention for over 40 years. The approach of tackling this problem with the use of the concepts of equivalent electric and magnetic dipole moments, suggested in [1, 2] , proved to be fruitful. On its base various electromagnetic characteristics of interacting objects have been studied (see [3] - [10] ) and literature cited therein). The key element of this approach is employment of the static analysis used for determination the fields in the immediate vicinity of the hole. Clearly, this procedure is valid only if the hole dimensions are small compared to the wave length. Besides, the apertures have to be placed at a remote distance from the borders of the electromagnetic systems being considered. This notwithstanding, the developed methods allowed not only to calculate the number of important characteristics, but formulate (or lay the basis) for entirely new approaches for consideration of different RF-devices. This approach exerted considerable influence on the theory of slow-wave structures based on utilization of resonant properties of electromagnetic systems (diskloaded waveguides, coupled-cavity chains, etc.) However, even to this day, there have not been developed general methods of calculations of small aperture coupling coefficients from which the static results could be obtained by means of the limit transition ωa/c → 0 . Development of such methods would permit not only to assess the region of applicability of static results, but also to expand the frontiers of problems regarding RF-interactions that can be rigorously solve (correct evaluation of the separating screen thickness, the vicinity of walls, etc.) It must be noted that several efforts 3 were made to push forward the frontier of applicability of the static approach in cavity coupling [4, 10] . However, the accurateness of the proposed techniques 4 cannot be proven within the framework of the models considered. Development of novel analytical method for investigation of electromagnetic system coupling through small-size apertures is also important considering the fact that there are difficulties of utilization the widely developed electromagnetic simulations techniques in this particular area. These difficulties are associated with the requirements of very high precision mathematical models to be used for small coupling holes, since the relative correctness of a model has to be smaller than the coupling coefficients. This paper presents research results in the development of a novel analytical model for studies on electromagnetic systems coupling through small-size apertures ( [14] - [16] ). Considered is the key problem of two cavity coupling through an aperture in separating screen of finite thickness without making assumption on smallness of any parameters.
Problem Definition
Let us consider two ideal conducting co-axial cylindrical cavities coupled through a cylindrical aperture of the radius a in the separating planar screen of the thickness t. The radii and lengths of the first and second cavities will be designated b 1 , d 1 and b 2 , d 2 , respectively. To construct a mathematical model of the electromagnetic system under consideration, we will use a relatively novel method of partial cross-over regions (see, for instance, [17, 18] ). As the first and second regions, we will take the cylindrical cavity volumes; for the third, a cylinder that is co-axial with the coupling hole , its radius being equal b 3 = a . This cylinder projects into the area of the first cavity for the length d 1 * and into the second one for the length d 2 * , the cylinder length being
In each region, we expand the electromagnetic fields in terms of the orthonormal complete set of field functions without the hole:
where
n,s = 0, while the set of solenoidal basic functions takes on the form:
The basic set (3-5) satisfies the orthonormality condition:
Coefficients e
n,s in the expansion (1-2) are determined by the electric field tangential components at the boundaries of the chosen regions
Since the electric field tangential component E τ on a metallic surface is zero, then, in Eq. (7) the integration surfaces for the first and second regions will be circles located on the opposite planes of the hole in the screen, while for the third one, two cylindrical surfaces and two circles, following which this particular region is in contact with the former two regions. Remembering this, we derive from (7) the following:
Substituting (9) into (8), and introducing for the sake of convenience new variables
k,l (i = 1, 2), we get a set of equations for field amplitudes only in the 1-st and 2-nd regions
After making simple, although cumbersome, calculations we obtain the following expression for the coefficients V
, Ω = ωa/c. The uniform set of Eqs.(10) describes the interaction of two infinite sets of oscillators, which are eigenmodes of closed cavities (without the coupling hole in the separating screen), being, in principle, fit to be used for calculations of necessary electromagnetic characteristics of coupled cavities. However, the set of Eqs.(10) has three drawbacks that make it difficult to carry out both analytical investigations and numerical calculations. Firstly, the structure of this set of equations does not yield a possibility to obtain analytical results, in particular, in the well studded limit t = 0 and a → 0. Secondly, this set is two-dimensional, and it is necessary to have great calculative resources to solve it. Thirdly, owing to the presence of field singularity peculiarities at acute angles of the hole in the screen the coefficients V (i,j) n ′ ,s ′ ,k,l decrease slowly with increasing indices. Our studies show that the set of Eqs.(10) can be reduced to such a form that has no first or second drawbacks. Below are the results of these studies.
Derivation of Basic Equations
Let us seek for the amplitudes of eigenmodes a (i) k,l , except for the fundamental modes ((k, l) = (0, 1)), in the form:
By introducing two new sequences of unknown values x
, instead of one
k,l , we can impose one additional condition on these new sequences. Let us assume that x (i,1) k,l satisfies the equations
where (k, l) = (0, 1), i = 1, 2.
Then from Eqs.(10) it follows that
((k, l) = (0, 1), i = 1, 2) must satisfy the relationships
In Eqs. (13, 14) and elsewhere below the prime in sums indicate that (n ′ , s ′ ) = (0, 1). It follows from Eq.(10) that the amplitudes of fundamental modes (k, l) = (0, 1) should satisfy the equations
Let us denote w
Then, Eqs. (15) can be reduce to the form
where the coefficients Λ i,k , which define the frequency shifts and cavities coupling, are determined by the expression
and w (i,k) s are the solutions of the following pair of sets of linear algebraic equations
where [7] ). As follows from Eqs. (17, 18) , to compute the values of coupling coefficients with an accuracy of up to a 3 the calculations of coefficients Λ i,k must be performed in the approximation a = 0. A question arises of how one should calculate coefficients T (j) m,s , since each term of the sum that determines these coefficients tends to zero at a → 0. If this sum converges to any non-zero values, than one must take into account the infinite numbers of addends. This circumstance reflects the presence of singularity of the electromagnetic field on the aperture edges. This fact makes it practically impossible to employ the initial equations set (10) for calculating the characteristics of the coupled cavities in the case of small apertures. The modified set of equations (17, 18) can be used to obtain solutions at small a-values with an accuracy of a 3 . In the limit a → 0 the contribution of addends with small l in the value of the sum, which determines T (j) m,s , tends to zero, while at large l, the difference of the adjacent Bessel function roots tends to the value π (λ l+1 − λ l ≈ 0), and the above sum tends to an integral independent of geometrical parameters
Since in the limit considered f 
Coefficients Λ i,k do not depend on geometrical dimensions of cavities Λ i,k = Λ = s w s /λ 2 s . We have obtained the value of the constant Λ analytically: Λ = 1. Numerical calculations of the truncated set (20,21) also showed that with increasing S Λ tends to 1. This is in good agreement with the results of other authors (see [1] - [7] ). Thus, at S = 200 and an appropriate choice of the step and the integrate interval in (22), when the solution of the set (23) becomes independent of these parameters, Λ = 0, 9989.
As different from earlier approaches (see, for example, [1] - [4] ), our equations set (20,21) permits to calculate the dependence of electromagnetic characteristics on any parameters, because no assumptions were made while obtaining it. On the base of such set one can easily calculate eigenfrequencies. We shall not dwell on it, but we shall perform analysis of the dependence of coefficients on such parameters that were impossible to study in earlier models.
First of all, let us become clear on the influence of electromagnetic field non-potentiality in the interaction region on Λ i,k -values, since in all previous research studies ( [1] - [4] , [7] ) on coupling through small-size holes the assumption about field potentiality in the vicinity of the hole were made. In our model investigation of this problem is reduced to studying Since frequency comes into the appropriate coefficients only in the form of expression Ω = ωa/c, then it follows that Λ-variation with increasing frequencies from 0 to f 010 must be dependent on coupling aperture size -the smaller a the weaker dependence of Λ i,k on frequency. This is confirmed by the calculations results (Tab.1).
From Tab.1 it follows that an error in calculations of the coupling coefficientsΛ Λ = 2a 3 Λ/ (3πb
) at 5 a = 1 cm is on the order of 10 −4 (the equivalent frequency shift being ≈ 300 kHz) and, consequently, all calculations can be made in static approximation. Yet, already for a = 1.5 cm the error is of the order of 2 10 −3 (the equivalent frequency shift being ≈ 6 MHz), which is inadmissible for precise calculations.
Of importance for applied use is the dependence of the coupled coefficients on the coupling aperture radius a. Analysis of the expression (19) indicates that Λ i,k depends both on the above parameter Ω = ωa/c and on relation of a to all cavity geometrical parameters and screen thickness (a/d j , a/b j , a/t, j = 1, 2). Results of the calculations of the relationship of interest on basic of our model in the static approach (f = 0) are given in Tab.2.
Tab.2 also shows the results of calculations for various values of the parameter a/t at a/d j → 0, a/d j → 0 [9] . It follows from Tab.2 that taking into account the finitness of parameters a/d and a/b lead not only to a drastic change of the numerical values of the coupling coefficients, but to change the functional dependence of Λ i,k on a. For instance, at a finite thickness of the screen the coefficient Λ 1,1 , which determines the cavity eigenfrequency shift, decreases with increasing a, contrary to what one can obtain from the results of the paper [9] .
From the basic set of Eqs. (17, 18) it follows that for identical cavities the dependence of the coupling coefficients on the cavity length d is determined by the ratio Λ i,k /d. The presently developed models of coupled cavity model ([1]- [7] ) are true when the condition a/d ≪ 1 is satisfied. In this case Λ i,k are independent of d and coupling coefficients are inversely proportional to d.
Results of our calculations, as one can see from Tab.3, indicate that in the region For instance, for the case t = 0 at d → 0 the coefficient Λ 1,2 /d, which determined the frequency difference between 0 and π-type eigenmodes of the system, tends to zero, while the coefficient Λ 1,1 /d, determining the eigenfrequency shift, tends to non-zero value. This signifies that in the two-thin-cavity case (d/t ≪ 1) difference between 0 and π type frequencies will be small. This result is in agreement with the circumstance that at d = 0 the two cavity system transforms into a single cavity with the radius r = a and the length t. However, in this case one must takes into account the dependence of parameters on frequency.
Conclusion
On this way, we put forward a novel analytical model for studding the coupling of two cavities through an aperture in separating screen of finite thickness without making assumption on smallness of any parameters. 1. On the base of rigorous electromagnetic approach the coupling coefficients of the cylindrical cavities within the limit of small aperture and infinitely thin wall are calculated.
2. The presented numeric results of electromagnetic characteristic dependencies that have been impossible to perform on the base of previous models show that influence of non-potentiality of fields in the vicinity of the hole and nearness of cavity walls may be considerable.
